Abstract. Let H denote a separable Hilbert space and let B(H) be the space of bounded and linear operators from H to H. We define a subspace ∆ (A, B) of B(H), and prove two inequalities between the distance to ∆ (A, B) of each operator T in B(H), and the value sup{ A n T B n − T : n = 1, 2,...}.
Notations. Throughout this paper

∆(A, B) = T ∈ B(H) : AT B = T } = {T ∈ B(H)
is a Banach space with the norm · 1 and C ≤ C 1 .
(
Let X be a Banach space. If M ⊂ X, then
is called the preannihilator of N. Rudin [4] proved for these subspaces:
(ii) ( ⊥ N) ⊥ is the weak- * closure of N in X * .
Main results
Lemma 2.1. Let X be a Banach space. If P is a continuous operator in the weak- * topology on the dual space X * , then there exists an operator T on X such that P = T * .
Proof. If P : X * → X * , then P * : X * * → X * * . We know that the continuous functionals in the weak- * topology on X * are simply elements of X, (see [4] ). Then we must show that P * x is continuous in the weak- * topology on X * for all x ∈ X. Let (x n ) be a sequence in X * such that x n → x , x ∈ X * . Then we have
Hence P * x is continuous in the weak- * topology on X * for all x ∈ X, so P * x ∈ X. If T is the restriction to X of P * , then we have
for all x ∈ X and x ∈ X * . Hence P = T * .
Definition 2.2.
If P * is the operator T in Lemma 2.1, then P * is called the preadjoint operator of P .
The operator x ⊗ y ∈ B(H) for each x, y ∈ H is defined by (x ⊗ y)z = z, y x for all z ∈ H. It is easy to see that this operator has the following properties:
The following lemma is an easy application of some properties of the operator x ⊗ y (x,y ∈ H) and the functional tr(·).
Lemma 2.3. (i) Suppose K is a closed subset in the weak- * topology of B(H). Then K is closed in the weak- * topology of B(H).
ii) S = L A R B is continuous in the weak- * topology of B(H) for all A, B ∈ B(H),
where S * is the preadjoint operator of S.
Proof. Note that
is the weak- * closure of ∆(A, B) (see [4] ). Then we can
is a closed set in the weak- * topology of
B(H). We say
. 
Indeed since ST = T , we have
is closed in the weak- * topology. It is easy to see that K(T ) is bounded. Then K(T ) is compact in the weak- * topology by Alaoglu, [1] . Since S is continuous in the weak- * topology, if Hence ∆(A, B) is closed in the weak- * topology. This shows that U ∈ ∆(A, B).
Since K(T ) is compact and convex in the weak- * topology, and ∆(A, B) is closed in the weak- * topology, and K(T ) ∩ ∆(A, B) = 0, there exist some U 0 ∈ M and σ > 0 such that
]). Now we define the operators T n n k=1 S k T for all positive integer n. These operators are clearly in K(T ). It is easy to show that the operators T n is bounded. Also by Lemma 2.4, there is a U
This implies that | T n ,X 0 | → 0, which is a glaring contradiction to (2.6).
Theorem 2.6. Let H be separable Hilbert space and T ∈ B(H). Then we have
(i) d(T , ∆(A, B)) ≥ (1/2) sup n S n T − T , (ii) d(T , ∆(A, B)) ≤ sup n S n T − T .
Proof. (i) We can write
for each T 0 ∈ ∆(A, B). Hence we have
The inequality (2.10) gives that
(ii) Let K(T ) be as Lemma 2.5. Then we can write
Now take any element U = n k=1 λ k S k T in the set co{S n T : n = 1, 2,...}, where
where
Since there is a sequence (U n ) in co{S
If we use the inequalities (2.14) and (2.15), we easily see that
Also since K(T ) ∩ ∆(A, B) = 0 by Lemma 2.5, then we obtain
. Hence we can write
This completes the proof.
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